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Natural Vibration Analysis for Aeroengine Blade with
Uncertain Fastening: Natural Frequency Analysis for

Compliant Blades

ABSTRACT

The aero-engine blade is one of the core components of the aircraft. Therefore,
the study of engine blade vibration condition is an important direction of aero-engine
research. However, there is an uncertain contact condition in the way the engine blade
is fixed on the wheel disc due to the small gap in the installation, the flexibility of the
installation root, etc. The tools to study this dynamics problem are the Ritz method
and the finite element method. In this project, we first reproduce the derivation of the
equations for the static and dynamical problem of the thin plate from both the
mechanical equilibrium and energy method perspectives, as well as discussing the
boundary conditions. The mathematical equivalence between the energy method and
the mechanical equilibrium is also verified by the derivation of the variational method.
In order to solve the problem, the Rayleigh-Ritz method is introduced, and the
importance of the different orders of expansion in the Ritz method and the selection of
the form function for the solution of the Ritz method is focused on. It is concluded
that the solution of the Ritz method is not as good as the number of expansion orders,
and the Ritz method is difficult to be applied in complex problems. This leads to a
shift to the finite element method. In the finite element part, the integration of the
stiffness and mass arrays is carried out using rectangular cells, and a MATLAB
program 1is written to solve the static equilibrium and free vibration inherent

frequencies and modes of the thin plate.

Key Words: Rotating Object Dynamics; Blade Vibration; Finite Element Analysis;
Rayleigh-Ritz Method
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ISR AT AN R IT I U 22 88T o 2 pR B IR — Mo X Tl SOl A 2 AR
IEARTZRE X SOA AR 2 AR . teAh,  BL2RHE DA R % ]
s . Rk, FATRAA R,

AIH R T A RICH AL AHE S, B2 7 VRN . s A
IR

I Z R«
K = [kij]4.><4. (5_5)
k;; = [B]DB;dV (5-6)
VAV
Ks =P (5-7)
JoT B
M = [pNTNdV (5-8)
NF TR
MX+CX+KX=P (5-9)

21



& SHANGH. Al JIAO TONG UNIVERST TY %ﬂﬁ é:l%i;e

MX+KX=P (5-10)
[FESRTES Ny
|K — w?M| = 0 (5-11)
R THEF S Z )G, %S MATLAB &%, Se2ik 1 AR 1124 i S
H HIRSNE A A . BRI
52 0 EERE
AT H v ) N ST IH R B S T SR, X TR R . B
Ak 7R Z R 5, R E 5 BT LU s Kl i — 28k
() MATLAB £ BR T2
FAk s ARTE A B B & [a) [F AR ) @ AR 2 R R 2 &
ML B, EFREIIAEEMEL, AT EEMEHE LT 1 530 )% A

PR IT o

22



J Lot LWAEERES 413 PRP SATIRAX

SE MK

[1]1 ARASEL Fi R BHU Fr 98 55 73 fi AT SEERT 78 [D]. R EER2,2009.

[2] 2 H O, TR, £ &# % 2 KN @ 16 5% 57 K 8O0 7 0] W 5 K 2
11,2003(04):16-18+41.

[8] #RIE. KM oS B F i in T OSBRI 72 [D]. B 5T 2 AR K %,2008.

[4] 2 H W, F %, F &% f 2 KN s 1§ 3095 57 0 800t 78 (3] W 2 K 3
H1,2003(04):16-18+41.

[5] -5 B,k A%, R T 2 K S HL I - WL G B8 o A 10 B4 AR 9L (90 9 2 Bl ) 2
1%,2011,26(06):1282-1288.DOI:10.13224/j.cnki.jasp.2011.06.019.

[6] HseRlit, RiEjugm, LA, 1989, ISBN7-313-00478-8/P.3

[71 MR B 2 JRO, A RERmE, YU Tk Ertt, 2020, ISBN978-7-111-48533-9.

[8] M2 5, 1 X B MR 55 . PR oo vE (M R BIR 2 B A (9], R B ) i 4 R
1£,2010,39(11):6-8+12.

[9] THERE.ANSYS FRRIC/ B0 5 K& R[] LT #H%,2008(04):65-66+68.

[10] 29 [, 585 72, XIS2 P ANSY'S TER A S5 44 2t BTG 23 #7 Hh 1) B T 5[], R PR SRR
222 47,2006(05):90-96+105.

[11] Tk 0, T 32 8y 52 R ¥, 00 B ANSY'S A BR T 43 A B0 78 #5 o #r ob 14 B2 FH (9] 96 4 g
J5,2004(05):9-12.

[12] IShin, A ZE. ABAQUS A i TR Bt -4 PR IG /3HiT [7]. 2% - il 1d 1R ,2009(06):69-70+107.

[13] % ZE A AE A R A58 AT B 7T 40 A 01 ANSYS i [ 38 7 A A6 E oK 2 57
$#%,2004(03):94-98.

[14] m5EtR e B, HWomdmg, Fla=hRtt, 2002, ISBN9787030100207.

(5] BB (B=), ABESERE, S5 HF HRAE, 2012, ISBN
978-7-04-033791-4.

[16] A FRCHEALFRE, H2mE, HERF MR, 2008.

23



= 5
55555555 ALJIAO TONG UNIVERSITY ﬁﬁ\j‘

Bt

AR AT H 175 28 I 2= SRS AT 528 T o W A22E AL T H 473
REFFOXS AT M 22 AERIRSE ST BLs 7 BATER M35 7 511, A5 ]
T O &M SEATIT — e, AR ERIIE A XS AUY LR
AR ZEM. ROA R BLEEERI Ty I 256, BARE R ERATH A
Ol JFes T ERATARE ZARE S AL AR 2 T S AR A I H &
R IR o

FABR BRI AL R A E S Gk . AT 2 ST e iR, 23K
A BEI Nk AR — R . . R — I R A
P 5K, ERE - RESFIRPR.

IR A N5 I AAE BRI H EAT IR B SR

24



X EXALE
i SHANGHAI JIAO TONG UNIVERSITY iﬁiﬁk%% 41 % PRP %Eﬁ%iﬁi

Bt RA

Al FERREHFiRE-B28E

clear

cle

aa=1; % length

bb = 1; % width

hh = 0.01; % thickness

EE =200e9; % Young's modulus

miu = 0.3; % Poisson's ratio

rho = 7800e3; % Density

dd = (EE/(1-miu”2))*[1,miu,0;miu,1,0;0,0,(1-miu)/2];
D = EE*hh"3/(12*(1-miu”2));

%]load function

f=1000;

mm = 6; % x 7 [ EFF B IR
nn = 6; % y J7 A R i E K

Yol# 17 24 a HIME
KK = zeros(mm*nn,mm*nn);
FF = zeros(mm*nn,1);

%ot BRI
wmn = @(X,y,m,n)((x.*(aa-x)). (m+1).*(y.*(bb-y)). (n+1));
WXX =

@(x,y,m,n)((y.*(bb-y)).A(n+1).*((m+1)*(x.*(aa-x))."(m-1).*(m*aa"2-(4*m+2)*aa*x+

(4*m+2)*x.12)));
wyy =

@(x,y,m,n)((x.*(aa-x)). (m+1).*((n+1)*(y.*(bb-y)).*(n-1).*(n*bb"2-(4*n+2) *bb*y+(

4*n+2)*y."2)));

WXy = @(X,y,m,n)((m + 1).*(x.*(aa - x))."m.*(aa - 2.*x).*(n + 1).*(y.*(bb -

y))."n.*(bb - 2.%y));
fori=1:1:mm*nn

[p,q]=ind2sub(mm,i);
FF(1)=integral2(@(x,y)(f. *wmn(x,y,p,q)),0,aa,0,bb);
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for j = 1:1:mm*nn
[s,t]=ind2sub(mm,j);
KK (i) =
D*integral2(@(x,y)(Wxx(X,y,p,q). *Wxx(X,y,s,t)+miu*wxx(x,y,p,q). *wyy(X,y,s,t)...
Tmiu*wyy(X,y,p,q)- *Wxx(X,y,s,0) twyy(X,y,p,q)- *Wyy(X,y,s,t)...
+2*(1-miu)*wxy(x,y,p,q)- *wxy(x,y,s,t)),0,aa,0,bb);
end
end
AA =KK\FF;

Vo2 BRI AAL 2 I X1 22 T )
[XX,YY ]=meshgrid(linspace(0,1,41)*aa,linspace(0,1,41)*bb);
WW=zeros(41,41);
for j=1:1:mm*nn
[s,t]=ind2sub(mm.,j);
WW =WW + AA()*wmn(XX,YY,s,t);
end

figure(1)

clf,hold on
surf(XX,YY,WW)
grid on
view(30,45)

hold off
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rERiLE
o s o s AR 41 B PRP AR

A2 FER AR IRTNI0)E- B %40k

%% J& % workspace
clear
clc

%% & SR LT ROF AR RS2
aa = 2; % length

bb = 1; % width

hh 0.01; % thickness

EE = 200e9; % Young's modulus
miu = 0.3; % Poisson's ratio
rho = 7800e3; % Density

mm = 6; % x JjnEHiHEIK
nn = 6; % y i EFIEMIK
kk = mm*nn; %EHN—4%XT)5

%% MBE A RSN B B (WYL T S A%, R T DL 8 B HLAth A 5 25 A B T B 8K
wmn = @(X,y,m,n)(sin(m*pi*x).*sin(n*pi*y));

wxx = @(X,y,m,n)(-(m*pi)~2*sin(m*pi*x).*sin(n*pi*y));

wyy = @(x,y,m,n)(-(n*pi)~2*sin(m*pi*x).*sin(n*pi*y));

wxy = @(X,y,m,n)(m*n*pir2*cos(m*pi*x).*cos(n*pi*y));

%% THE RN CLSZRT AR R AR, g — BRI TR, 2R e i R
GATRC AR e L AN

MM = zeros(kk,kk); % WIahfk )5 &R

KK = zeros(kk,kk); % HIUEALRIERE

II = rho*hh;

DD = (EE*hh~3)/(12%(1-miu~2))*[1,miu,@;miu,1,0;0,0,(1-miu)/2];

for ii=1:1:kk
[p,q]=ind2sub(mm,ii);
for jj=1:1:kk
[s,t]=ind2sub(mm,jj);
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MM(ii,jj)=MM(ii,jj)+integral2(@(x,y) (II*wmn(x,y,p,q).*wnn(x,y,s,t)),0,a
a,0,bb);
KK(ii,jj)=KK(ii,jj)+integral2(@(x,y)(...
DD(1,1)*wxx(X,Y,p,q).*wxx(x,y,s,t)...
4+DD(1,2)*wxx(x,y,p,q) . *wyy(x,y,s,t)...
+DD(2,1)*wyy(x,y,p,q) . *wxx(x,y,s,t)...
+DD(2,2)*wyy(x,y,p,q) . *wyy(x,y,s,t)...
+DD(3,3) *4*wxy (X,Y,p,q) . *wxy(Xx,y,s,t)),0,aa,0,bb);
end
end

%% H HIRSIBFRME(AE T RN IR FIE)
[wW,dd] = eigs(KK,MM,6, smallestabs"');
omega = sqrt(diag(dd));

%% 2 EH
idx = 1;
[XX,YY]=meshgrid(linspace(®,1,41)*aa,linspace(0,1,41)*bb);
WW=zeros(41,41);
for ii=1:1:kk

[p,q]=ind2sub(mm,ii);

WW = WW + WW(ii,idx)*wmn(XX,YY,p,q);
end

figure(1)

clf,hold on

title(['\Omega = ',num2str(omega(idx))])
surf (XX, YY,Wh)

view(30,45)

hold off
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A3 FERRFFHZF SHRsNERE-BRTA

clear;

clc;

%% WIS EAILAL
Lx=4; %K /E m
Ly=1; %% /& m
hh=0.01; % /5% m

EE=200¢9; %#% [X1% & Pa
vv=0.3; %yHA L
rho=7800e3; %% & kg/m"3

%% MRS HITE R

NNx=40; % 5 75 7] #2044

NNy=10; %% & 77 7] 5. 76N 4
La=Lx/NNx; % ¥ 70 & 5 [/ )] ~F
Lb=Ly/NNy; %70 % & 5 [ ]~}
Nodenum=(NNx+1)*(NNy-+1); %71 &M

Yo Tu X N KU S
Y XFTHIEHG WA TNMEA, [ BT RN 8 e 5 #4751
elenodeidx=zeros(NNx*NNy,5);
for jj=1:1:NNx
for 11=1:1:NNy
elenodeidx(NNx*(ii-1)+jj,1)=NNx*(ii-1)+jj;
elenodeidx(NNx*(ii-1)+jj,2)=(NNx+1)*(ii-1)+jj;
elenodeidx(NNx*(ii-1)+jj,3)=(NNx+1)*(ii-1)+jj+1;
elenodeidx(NNx*(ii-1)+j,4)=(NNx+1)*ii+jj+1;
elenodeidx(NNx*(ii-1)+j,5)=(NNx+1)*ii+jj;
end

end
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[ML.KL,FL]=elementMKFfune(EE,vv,tho,La,Lb,hh); %3k 15 %F N 2 £ 1) i & B4 A1
I FEZ

%% T+ IF

% %olU 121 {32

% fxnode={1:1:(NNx+1),1,0;... % i ¥ 55

% (NNx+2):(NNx+1):(NNy-1)*(NNx+1)+1),1,0;... % /25575 575
% (NNy*(NNx+1)+1):1:(NNx+1)*(NNy+1),1,0;... % _E3i5 5 FF 5
% 2#(NNx-+1):(NNx+1):NNy*(NNx+1),1,0};... %47 3 i HF 5

% DY [E

fxnode={1:1:(NNx+1),[1;2;3],[0;0;0];... % F ¥ S5 5
(NNx+2):(NNx-+1):(NNy-1)*(NNx+1)+1),[1;2;3],[0;0;07;.... %/ i 45 £ 55
(NNy*(NNx+1)+1): 1:(NNx+1)*(NNy+1),[ 1;2;3],[0;0;01;... %_F3fi 5 5T 5
2%(NNx+1):(NNx+1):NNy*(NNx+1),[1;2;3],[0;0;01} ;... %A% 15 15 7 5

% % 7t Ui ] 3¢
% fxnode={1:(NNx+1):(NNy-1)*(NNx+1)+1),[1;2;3],[0;0;0]}; Yo/ % 15 K55

rmdof=cell(size(fxnode,1),1);

for ii=1:1:size(fxnode, 1)
rmdof{ii}=ele2node(fxnode{ii,1 },fxnode{ii,2});

end

rmdof=cell2mat(rmdof);

kpdof=setdiff((1:3*Nodenum).',rmdof);

%% PRSI
KKL=full(stiffAsm(KL,elenodeidx,Nodenum)); % #J4f 2k NI & 45 4
MML=full(stiffAsm(ML,elenodeidx,Nodenum)); %44 £k K| & 5[4

[VV,dd] =eigs(KKL(kpdof,kpdof), MML(kpdof,kpdof),10,'smallestabs');
omega=sqrt(diag(dd));

FFL=zeros(3*Nodenum,size(VV,2));

FFL(kpdof,:)=VV;
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%% FEAZ:
[XX,YY ]=meshgrid(0:Lx/NNx:Lx,0:Ly/NNy:Ly);
%%

1=1;

UUV=reshape(FFL(:,ii),3,[]);

mww=(reshape(UUV(1,:),NNx+1,NNy+1)).';
mwx=(reshape(UUV(2,:),NNx+1,NNy+1)).";
mwy=(reshape(UUV(3,:),NNx+1,NNy+1)).";

figure(1)

clf,hold on
surface(XX,YY,mww);
grid on

view(30,45)

% axis equal

hold off

%% FAT A

FFL = 1000*forceAsm(FL,elenodeidx,Nodenum); %% i 51| [ 24 5, 10N/m”2
UUF = zeros(3*Nodenum,1);

UUF(kpdof) = KKL(kpdof,kpdof)\FFL(kpdof);

UUF=reshape(UUF,3,[]);

fww=(reshape(UUF(1,:),NNx+1,NNy+1)).";

figure(2)

clf,hold on
surface(XX,YY,fww);
grid on

view(30,45)

% axis equal

hold off
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